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In s o l v i n g  the h e a t  c o n d u c t i o n  p r o b l e m  in  [1] f o r  a b i l a t e r a l l y  b o n d e d  p l a t e  no a c c o u n t  was  
t a k e n  of the  h e a t  t r a n s f e r  t h r o u g h  the  b a s e a .  H e r e ,  by  the  m e t h o d  of  a s m a l l  p a r a m e t e r ,  
f o r m u l a s  a r e  d e r i v e d  fo r  the f u n c t i o n s  of the  t e m p e r a t u r e  wh ich  t ake  in to  a c c o u n t  the h e a t  
t r a n s f e r  t h r o u g h  the  b a s e s .  

t i o n s :  
1. 

y = r i (sin O - -  ei sin n,O) (i = 1,2), ] e i ] < 1. 

H e r e  i = 1 r e f e r s  to the  o u t s i d e  e o n t o u r  an d  i = 2 r e f e r s  to the  i n s i d e  c o n t o u r .  A c o n s t a n t  t e m p e r a t u r e  is  
m a i n t a i n e d  on the  o u t s i d e  s u r f a c e  (M 1) and  on  the  i n s i d e  s u r f a c e  (M2). The  h e a t  e x e h a n g e  wi th  the s u r -  
r o u n d i n g  m e d i u m  t h r o u g h  the  b a s e s  of the  p l a t e  is  a s s u m e d  to fo l low N e w t o n ' s  l aw  [2]. T h e  a m b i e n t  t e r n -  
p e r a t u r e  is  T 0. It is  a l s o  a s s u m e d  tha t  the  t h e r m o p h y s i e a l  p r o p e r t i e s  of the  p l a t e  m a t e r i a l  do no t  d e p e n d  
on  the  t e m p e r a t u r e .  We wi l l  e s t a b l i s h  the  t e m p e r a t u r e  d i s t r i b u t i o n  m o d e  in  the p l a t e .  The  e q u a t i o n  of 
h e a t  e o n d u e t i o n  a n d  the b o u n d a r y  c o n d i t i o n s  a r e  [3]: 

v2T - -  v ~ (T - -  To) = 0, 

T = Mz on L~ (i = 1,2). 

H e r e  

The outside and the inside contour of an isotropic bilaterally bonded plate are defined by the equa- 

x = r~ (cos O + e~ cos ni@), 
(1) 

(2) 

(3) 

V2 - 0 ~ 1 0 + 1 02 2~ 

Or ~ 4- r Or r ~ 002 ~h 

C o n d i t i o n s  (3) w i l l  be  r e p r e s e n t e d  in  the  C a r t e s i a n  s y s t e m  of  c o o r d i n a t e s  x, y: 

T(x ,  q- eik~, V~ + ezm~) = M~ on L i. (4) 

Herex i=rieos| Yi =rising, ki =rieosni| mi=-risinni~; xi, Yiare the coordinates ofapoint ona 
circle with radius ri; eiki, aim i are the increments of coordinates which map points on the contour L i 

onto points on the circle with radius r i. In order to solve the problem, we use the method of a small 

parameter. As the parameter we choose e = el; e 2 = se. The unknown function is expressed, in the fourth 
approximation, as 

4 

T = "~ ekT k. (5) 
k = 0  

Here 

To = [o (r), T 1 --  % (r, al)  cos alO + % (r, a2) cos %0,  

To = f~ (r) + q~2 (r, czl) cos 2 a l o  + r (r, cz~) cos 2z%0, 

T~ = q% (r, ~1) cos % 0  + % (r, %) cos 3%0 
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F i g .  1. View of  the  p l a t e s ,  whose  o u t s i d e  con tou r  is  de f ined  by  
Eq. (1), wi th  the fo l lowing  p a r a m e t e r s :  r i  = r t ,  ei = - 1 / 9 ,  ni = 3 
(A); r i = r  1, ei  = 1 /5 ,  n i = 2  (B); r i = r l ,  e l =  1 /7 ,  n i =  1 (C). 

+ O~ (r, %) cos a20 + % (r, a2) cos 3a~O, 

T 4 = f~ (,') + q)~ (r, al) cos 2o:10 + % (r, al) cos 4chO 

§ q)~ (r, a~) cos 2a20 + % (r, %) cos 4a20; 

fk (r) = A j o  (vr) + B~Ko (vr) (k = O, 2, 4), 

�9 h(r, a) = Ck~I~ (vr) + Dkc~Kk~ (vr) (k = 1, 2, 3, 4), 

q)~ (r, ~,) = Z,~I~ (~r) + N~K~ (~r), 

r (r, a) = / : j ~ =  (~r) +/?=:K~= (vr); 

a i = n i + 1; a s = n~ + 1. 

We wi l l  now def ine  the b o u n d a r y  c o n d i t i o n s  fo r  the func t ions  T k (k = 0, 1, 2, 3, 4). F o r  th is  p u r p o s e ,  the 
t e m p e r a t u r e  func t ion  g iven  a t  the o u t s i d e  and the i n s ide  c on tou r  is  e x p a n d e d  into T a y l o r  s e r i e s .  Into t hese  
s e r i e s  we i n s e r t  func t ion  T d e f i n e d  in (5) and  i t s  p a r t i a l  d e r i v a t i v e s .  Equa t ing  the c o e f f i c i e n t s  of l i ke  
p o w e r s  in e, we ob t a in  the c o n d i t i o n s  a t  c i r c l e s  wi th  r a d i i  r = r 1 and r = r 2 fo r  d e t e r m i n i n g  the i n t e g r a t i o n  
c o n s t a n t s .  T h e s e  cond i t i ons  a r e  

d f0 
f0 (q) = M~, ~ (q,  ~ )  = - -  6~r~ ~ r '  

f , (r i )  6F~ 8~ r i -+-2 
4 ~ dr j ' 

d~f~ + (2n~ + 1) + 2 %(r~, c h ) = - - ~ r ~  8~ r~--  
4 dr 2 dr ] 

CP3(r ~, oh)= 8F~ 18~ [ r~ d3f~ - - (2n ,  + l ) r ~  d~f~ --n,(3n~ + 2)df~ 
8 [ k dr~ dr~ drJ 

[ d'~' ~ dr J [ d!, ~r~] } -I- 8~ 3r z + 4  2 ar + 

. . . .  6ir~ 16~ [ r ~. daf---L~ + 3 (2hi + 1) ri d~f--~~ + 3ni (3n~ + 2) df~ 
r (r~, g~) = 24 [ ' dr ~ dr ~ dr J 

+ 3 ( 2 n ~ + 1 )  dr J + dr ] ' 

T A B L E  1. T e m p e r a t u r e  T / M  Va lues  a t  P o i n t s  of  the  Squa re  P l a t e  

(n 1 = 3, e = - 1 / 9 )  

I,l r 
0 0 ~  

0 
1 
2 
3 

0 = 0 ~ 0 = ,I5 = 

1,5r= 2r~ Oil  L t  2 ,3r=  2 ,5r•  011 L l  

0,449 
0,447 
0,443 
0,4427 

0,201 
0,195 
0,187 
0,186 

0,0477 
0,0235 
0,0057 
0,0016 

0,105 
@,118 
0,I06 
0,108 

0,076 
0,094 
0,079 
0,082 

--0,043 
0,034 

--0,011 
0,0038 
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T A B L E  2. T e m p e r a t u r e  T/M V a l u e s  a t  P o i n t s  of the T r i a n g u l a r  

P l a t e  (n 1 = 2 ,  e =  1 /5)  

t:~ r < 

o 
1 
2 
3 
4 

1,6r~ 

0,248 
0,197 
0,264 
0,260 
0,262 

2f2 

0,406 
0,293 
0,403 
0,394 
0,397 

0 = 0 ~ @ = 60" 

3rz 

I 
0,488 
0,771 
0,733 
0,747 

O ~  L~ 

1,669 
0,568 
1,063 
0,980 
1;016 

1,2r: 

0,09t 
0,106 
0,108 
0,109 
0,110 

i ,6rz 2r .  

0,248 O, 406 
0,299 0,518 
O, 366 O, 628 
O, 37O O, 637 
O, 372 O, 640 

On L, 

0,594 
0,811 
0,974 
0,991 
0,997 

T A B L E  3. T e m p e r a t u r e  

P l a t e  (n i = 1, e : 1 / 7 )  

T / M  V a l u e s  a t  P o i n t s  of the E l l i p t i c a l  

0 = 0 ~ 0 = 90 ~ 

0 0 
f:~ ~ 1 ,5r  z I ,Srz Oil L ,  1,2rz  l ,Srz o n  L ,  

0,271 
0,340 
0,302 
0,315 
0,311 

0,079 
0,198 
0,139 
0,162 
0,155 

--0,145 
0,092 

--0,037 
0,013 

--O,Q04 

0,746 
0,729 
0,662 
0,659 
0,658 

0,271 
0,201 
0,163 
0,150 
0,146 

0,168 
0,075 
0,025 
0,008 
0,002 

I ~  [ 3 d~fo __ 2 (2n, + 1) r~ daf~ -t- (4n, + 3) r, d~176 [~ (r~) 8ir~ S 3- 
8 [ 8  L dr* dO dr 

- - ( 4 n ~ + 3 )  -5 r~ d~qh (2ni + l) ri ' 2)n~ d% ] 
' dr ~ dr ~ dr j 

-kS, 2r, dr ~ dr ~ - j r  - ? ( 2 n , §  ar j -c ~-r l '  

Oa(ri, ~.,) = - -  ~---r, r~ d*fo _ 3 [4n,(n, § l) -I- I] r, d2f~ 
48 dr 4 dr ~ 

dfo 6~ d3% 5~r~ r d2f~ 
~ r  J - - 1 2  ri dr a 4 dr 2 

! ri d~%_ (2n _ 1 )  d f z _ _ ( 2 n / §  d%]  5d'~(dcI)~. d % )  

5~r~ I - -  ~ 3 d~fo @ 6 (2n~ + 1) r-~ d3f~ 
%(rv a i ) -  192~ r i  dr ~ dr 3 

d 2 / ~  [16n i (n ,@ I) ' 31(4n, 1 ) ~ }  --; [12n~ (4n~ + 3) 4- 31 r i ~ ~_ ~- - -  

6~r~48 [ r-~ ~ - - - -  d%hdr 3 -c 3(2ni @ 1)r~ d2%dr ~ ! 3t h (3n~ --  2) d%dr J] 

6:r~[ d2% +(2n~ 1) d % ]  8~r i d% 
r i - -  @ - -  , 

8 dr 2 ~ 2 dr 

6 i = / 1  for i =  1, (6) i = 1 ,  2, 
for i = 2 .  

2. We wi l l  i l l u s t r a t e  the t e m p e r a t u r e  c a l c u l a t i o n  on  p l a t e s  wi th /3  = 93 W / m  2. ~ X = 5 8 . ! 5  W / m  �9 ~ 
a n d  T O = 0. We c o n s i d e r  a s q u a r e  p l a t e  (n 1 = 3, a = - 1 / 9 ) ,  a t r i a n g u l a r  p l a t e  (n 1 = 2, e = 1 /5 ) ,  and  an  e l l i p -  
t i e a l  p l a t e  (nl = 1, e = 1 /7 ) ,  a l l  w i th  a c i r c u l a r  ho le  i n s i d e .  T h e s e  p l a t e s  wi th  t h e i r  r e s p e c t i v e  p a r a m e t e r s  
a r e  shown  in  F i g .  1. F o r  the s q u a r e  a n d  the  e l l i p t i c a l  p l a t e  we  a s s u m e  t e m p e r a t u r e  T = 0 on  the  o u t s i d e  
c o n t o u r  and  T = M on  the i n s i d e  c o n t o u r .  F o r  the t r i a n g u l a r  p l a t e  we a s s u m e  t e m p e r a t u r e  T = 0 on  the  i n -  
s ide  c o n t o u r  and  T = M on  the  o u t s i d e  c o n t o u r .  T h e  d i m e n s i o n s  a r e  a s  fo l l ows :  s q u a r e  p l a t e  r l  = 180 m m ,  
r 2 = 6 0 m m ,  a n d h =  8 m m ;  t r i a n g u l a r  p l a t e  r t  = 1 5 0 m m ,  r 2 = 5 0 r a m ,  a n d h =  8 r a m ;  e l l i p t i c a l p l a t e  
r 1 = 140 r a m ,  r 2 = 70 r a m ,  h - 8 m m .  T h e  v a l u e s  of t e m p e r a t u r e ,  w i t h i n  an  a c c u r a c y  to M, a r e  g i v e n  in  
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Fig. 2. Graphs of t empera -  
ture variat ion along the x and 
y axes, for a plate whose in- 
side contour is defined by Eqs. 
(1) and whose pa rame te r s  are  
r i = r  2, e i =  1/7, n i =  1. 

Tables 1-3 for various points of the plates. The accuracy of the results can be evaluated on the basis of 

the error allowed in satisfying the boundary conditions. Temperature T = M on one of the contours is 

taken as the 100% level. According to the tables, the largest error in the case of a square plate is 0.38%, 

in the case of a triangular plate is 1.6%, and in the case of an elliptical plate is 0.4%. Owing to the satis- 

factory convergence, the results for the square plate are carried to the third approximation. An analysis 

will show that the solution for a curvilinear outside contour converges faster as the ratio rl/r 2 is increased. 

The temperature variation along the x and the y axis is shown in Fig. 2 for a plate with a circular 

outside and an elliptical inside contour: r i = 210 ram, r 2 = 70 ram, h = 8 ram. The temperature here is 

T - M on the outside contour and T = 0 on the inside contour. The largest error in the solution in this 

case is 0.80/0. The numerical computations here were made with the aid of the tables in [4, 5]. 

Li 
i 

x,y 

ri, ni 

ei 

M I , M2 

T 

k i, mi 

xi, Yi 
f, q~, 4~ 

To, Ti, T2, T 3, T4 

~I~ OL2 
Ak, Bk, Ck~, Dko~, Eoz, No~, F2~, R2o~ 

k 

TO 
p 

I , K  
h 

NOTATION 

is the plate contour; 

is the index number of the contour; 

are the space coordinates; 

are the parameters characterizing the dimensions and the shape of 

a contour; 

is the parameter determining the position of a point on a curvi- 

linear contour or the polar angle on a circular contour; 

is the parameter characterizing the deviation of contour L i from 

a circular one; 

are the values of the temperature on the outside and the inside 

contour, respectively; 

is the temperature function; 

are functions of the parameter | 

are the coordinates of a point on a circle with radius ri; 

are functions of the radius r; 

are functions defining the temperature distribution; 

are parameters; 

are integration constants; 

is the heat transfer coefficient; 

is the thermal conductivity; 

is the ambient temperature; 

is the function of ~ and X; 
are  modified Bessel  functions; 
is the plate thickness.  

i~ 

2. 

3. 
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